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In this paperwepresent the application of a hyper radial basis function network as a topologydescription function.

A hyper radial basis function network is used to parameterize the material distribution (density) for topology

optimization. The density of each finite element in the continuum topology optimization domain is governed by a

single network of hyper radial function bases. Thus, the topology optimization problem is to determine the

parameters governing the hyper radial basis function network to satisfy certain design criteria. Here we present the

solution to aminimumcompliance topologydesign.Ahyper radial basis function network is used to parameterize the

material density during the finite element analysis stage. An efficient optimization algorithm that makes use of

perturbation and sequential linear programming is developed to obtain the hyper radial basis function network

parameters. Examples are presented to demonstrate the proposed approach and to compare it with the traditional

solid isotropic microstructures with penalization topology optimization. Some of the advantages of the proposed

approach are that it can yield checkerboard-free, manufacturable topologies using coarse-mesh finite element

analysis models as opposed to the traditional approach, which requires finemeshes. This results in a reduction in the

solution time for finite element analysis while conserving the ability to yield a smooth topology.

I. Introduction

T OPOLOGY optimization [1] aims at obtaining the “best”
possible arrangement of the given volume of structural material

within a spatial domain to obtain an optimalmechanical performance
of the concept design. The topology optimization is a material
distribution problem in which the material content of each of the
points of the reference domain must be determined. The traditional
approach to solving this problem is tomesh the reference domain and
obtain the material content of each element to determine the optimal
material distribution. If the material content of an element is above
the cutoff level (corresponding to the percentage of total material), a
material density of 1 is assigned to that element, whereas if the
material content of an element is below the cutoff level, a void (or a
material density of 0) is assigned to that element. Also, various
methods have been suggested by researchers to model the
intermediate densities (e.g., the level set method [2]) to improve the
performance of this traditional approach. All thesemethods compute
the optimal density of each element; hence, there must be as many
design variables as the number of finite elements. The number of
elements must be sufficient to obtain a correct representation of
geometrical features as well as a correct physical response.

The idea of using a topology description function (TDF) stems
from the fact that the number of elements required in a finite element
analysis (FEA) model to represent the geometrical features far
exceeds that required to obtain a correct physical response. As such,
describing the geometrical features using a TDF instead of the
traditional approachwould lead to a drastic reduction in the number of
parameters required to describe the geometrical features, assuming
that a TDF can be represented by a small number of parameters as

compared with the corresponding number of elements required. This
would permit the use of a coarse mesh (sufficient to obtain a correct
physical response) in solving the FEA problem. Modeling material
densities as TDFs also helps get rid of checkerboard patterns as
observed by Stolpe and Svanberg [3]. They used finite element
approximation for continuous material distribution in a fixed design
space. The research on the use of TDFs has started gaining popularity
recently. De Ruiter and van Keulen [4] used a network of Gaussian
basis functions to define the topology description function while
using the solid isotropic microstructures with penalization (SIMP)
method [5]. The location andwidths of these bases werefixed and the
only variableswere the basis weights. They used asmany bases as the
number of finite elements. Thus, the number of design variables
remained same as those used in the SIMPmethod.Wang et al. [6] used
the radial basis function multiquadric splines to construct the implicit
level set functionwith a high level of accuracy and smoothness and to
discretize the original initial value problem into an interpolation
problem. Again, the location and width of their bases were fixed. A
wavelet is an anotherway to represent the density function in terms of
basis functions that are linked to length scales and are not directly
coupled to the finite element mesh of the analysis [7]. Cui et al. [8]
used Bezier curves for a morphological representation of structural
geometry. All the approaches outlined herein are not very user
friendly in terms of understanding the effect of the change in the
design variable on the material distribution. The hyper radial basis
function network (HRBFN) is intuitive and can be made user
interactive. The user can interactively change the location, width,
orientation, or weight of one or more bases and see the effect on the
structural topology. This approach is under investigation andwe plan
to report the results in a future paper. In this work, the application of a
HRBFN as a TDF is presented.

The layout of the rest of the paper is as follows. HRBFN is briefly
described in Sec. II. In Sec. III, HRBFN is coupled with an FE
analysis to obtain structural compliance (strain energy). A semi-
analytical sensitivity (to the HRBFN parameters) analysis for
compliance is briefly outlined. Section IV describes the algorithm to
solve the topology optimization problem using sequential linear
programming. Numerical examples are presented in Sec. V,
followed by conclusions.

II. Hyper Radial Basis Function Network

The parametric model for a hyper radial basis network [9,10] can
be represented as
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f�X� �
Xr
i�1

wi�i�kX � �ik; �i; �i� (1)

where r is the number of bases, X 2 Rn is an input vector, �i is the
basis function, wi are the weights of the network,
�i � ��i1; �i2 � � ��in� is the center vector of the ith basis, �i �
��i1; �i2 � � � �ip� is the angle vector of the ith node where p is the
number of parameters required to define the orientation of the basis in
an n-dimensional space, �i � ��i1; �i2 � � � �in� is the bandwidth vector
of the ith node, and k k denotes the Euclidean norm. The hidden layer
for this network represents the approximation parameters wi, �i, �i,
and �i to characterize the material distribution. The output layer
represents the material distribution as a continuous function of the
hidden parameters. In this paper, we restrict ourselves to a 2-D design
space and, hence, X 2 R2, that is, n� 2 and p� 1. The basis
function of the network is chosen to be a Gaussian function, which
can be represented as

�i�kX � �ik; �i; �i� � e�g
2

(2)

where

g2 ��xT �TT �
� 1
�i1

0

0 1
�i2

�
�T��x

is always positive and

T� cos��i1� sin��i1�
�sin��i1� cos��i1�

� �
; �x�

�
��1��i1
��2��i2

�
; X�� ��1; ��2�

Thus, the material distribution can be approximated as shown in
Eq. (3):

��X� � ��X;w; �; �; �� �
Xr
i�1

wie
�g2i (3)

where w refers to network weights for material distribution (i.e., the
basis weightswi, i� 1 to r), �� ��1; �2 � � ��r� refers to the center
locations for the r bases, �� ��1; �2 � � � �r� refers to the angle
parameters for the r bases, and �� ��1; �2 � � � �r� refers to the
bandwidth parameter for the r bases. Note that 6r parameters are
required to describe the material distribution or TDF and, hence, to
train the network for two-dimension problems. As an example,
consider a 2-D basis with a center location of (1.5, 1), a bandwidth of
(0.5, 1) and an angle of (30 deg). Figure 1 shows the magnitude and
shape of this basis in a 2-D space. Figure 2 shows the contour of the
basis at a magnitude of 0.05.

Now, consider a 2-D hyper radial basis network with 2 bases. For
thefirst basis, let theweight, center location, bandwidth, and angle be
(1), (1.5, 1), (0.3, 0.1), and (30 deg), respectively. For the second
basis, let the weight, center location, bandwidth, and angle be (1), (2,
2), (0.25 0.05) and (120 deg), respectively. Figure 3 shows the
magnitude and shape of this network in a 2-D space. Figure 4 shows
the contour of the basis at a magnitude of 0.05.

The examples presented in this section demonstrate the flexibility
of the HRBFN in terms of magnitude and orientation to model the
material distribution in a topology optimization. Section III describes
the coupling of the HRBFN and the FEA.

III. Implementation of the Hyper Radial Basis
Function Network into a Finite Element Analysis

As stated before, the physical response of system (or structure) is
calculated by a finite element analysis with the material density
distribution governed by the HRBFN. In this paper we are interested
in minimum compliance design; hence, the physical response is the
compliance (strain energy) of the system. For a linear static FE
model, the equation relating nodal degrees of freedom and the nodal
loads is

KU� P (4)

where U is the vector of global nodal degrees of freedom, P is the
vector of global nodal loads, and K is the global stiffness matrix
assembled from the elemental stiffness matrices:

K �
XNe
j�1
��n�j 	 �reg��Ke�j (5)

Fig. 1 Shape and magnitude of the 2-D hyper radial basis.

Fig. 2 Shape of the 2-D hyper radial basis.

Fig. 3 Shape and magnitude of the 2-D hyper radial basis network.
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where �Ke�j is the elemental stiffness matrix for the jth element and
�reg is the regularization term to avoid singularity in the stiffness
matrix. �reg � 10�4 was used for the examples presented in Sec. V.

The density of element j is governed by the HRBFN and can be
written as shown in Eq. (6):

�j � �j�Xej; Yej� �
Xr
i�1

wie
�g2

i (6)

where

g2 ��xT �TT �
� 1
�i1

0

0 1
�i2

�
�T��x; T �

�
cos��i1� sin��i1�
� sin��i1� cos��i1�

�

as before, and

�x�
�

��1 � �i1
��2 � �i2

�
; X � � ��1; ��2� � �Xej; Yej�

where Ne is the number of elements for the finite element analysis
and n� is the power of density. n� � 3 was used for the examples
presented. Note that the results deteriorated when n� > 3 was used,
whereas the convergence was found to be slow for n� � 1. This
behavior is similar to that already researched for traditional density
method algorithms. This paper does not address the optimal value of
n� in particular.

Note that the density across each element is assumed to be constant
and evaluated at its centroidal coordinates �Xej; Yej�. The procedure
illustrated was implemented in MATLAB®‡ making use of matrix
algebra. The compliance (or strain energy) of the system is given by

C� 1
2
UTKU (7)

A sensitivity analysis is required for the efficient convergence of an
optimizer. From Eqs. (4) and (7),

dC

dℏ
� d�UTKU�

2dℏ
� d�UTP�

2dℏ
� dUT

2dℏ
P (8)

where ℏ is a design variable. Specifically, ℏ� �w;�; � or �� for
each basis, or

dC

dℏ
�� 1

2
UT

dK

dℏ
U (9)

dK
dℏ
in Eq. (9) can be computed analytically or by using an approximate

method such as a finite difference or complex variable method [11].
Because the examples presented in this paper involve a small number

of degrees of freedom (2 DOF) and bases (design variables), an
approximate sensitivity analysis method is not computationally
prohibitive. An analytical sensitivity computation will no doubt
speed up the optimization process and is preferred for large-scale
problems involving computationally expensive stiffness matrices. A
complex variable method is computationally stable and more
accurate compared with the finite differencing and was used for the
sensitivity analysis in the examples presented.

IV. Optimization Algorithm

Because the material distribution is governed by the HRBF, a
nonlinear function of locations, bandwidths, angles, and intensities
for the bases, the optimization problem is challenging. We linearize
this problem using Taylor’s series and solve it using sequential linear
programming (SLP). To ensure the proper convergence of SLP, the
starting design must be close to the optimal. We divide our
optimization process into the following two parts: 1) a perturbation
algorithm to obtain a minimum compliance design close to the
optimal solution, and 2) sequential linear programming starting from
the design yielded by part 1 to obtain the optimal solution.

A. Perturbation Algorithm to Obtain the Starting Point for

Sequential Linear Programming

Figure 5 briefly describes the perturbation algorithm. Here we
perturb the nonlinear design variables’ location and angle based on
the signs of their sensitivities. The nonlinear design variable
bandwidth is perturbed based on the sign of the difference between
its sensitivity and the median of sensitivities of the bandwidths of all
the bases. This is because the sensitivity of compliance with respect
to the bandwidth is always negative for structures with symmetric
(positive definite) stiffness matrices. This is explained in more detail
by Eqs. (10) and (14).

Consider the first bandwidth for the ith base. Equation (9) can be
rewritten for the bandwidth variable as Eq. (10):

dC

d�i1
�� 1

2
UT

dK

d�i1
U (10)

Substituting Eq. (6) in Eq. (10), we obtain Eq. (11):

dC

d�i1
�� 1

2
UT

d
PNe

j�1��n
�
j 	 �reg��Ke�j
d�i1

U (11)

Substituting the density from Eq. (3) in Eq. (11), we obtain Eq. (12):

dC

d�i1
�� 1

2
UT

d
PNe

j�1��
P

r
i�1 wie

�g2
i �n� 	 �reg��Ke�j

d�i1
U (12)

Differentiating Eq. (11) with respect to the bandwidth, we obtain the
sensitivity as shown in Eq. (13):

dC

d�i1
�� 1

2
UT

�XNe
j�1

n��Xej � �i1�2�n
�
j �Ke�j

�2i1

�
U (13)

Similarly, for the second bandwidth of the ith base, we obtain the
sensitivity as shown in Eq. (14):

dC

d�i2
�� 1

2
UT

�XNe
j�1

n��Yej � �i2�2�n
�
j �Ke�j

�2i2

�
U (14)

Note that, in Eqs. (13) and (14), the term in � � is always positive
definite. Hence, the sensitivity given by Eqs. (13) and (14) is always
negative. The linear variable weight is computed using linear
programming by imposing the constraints as shown in Fig. 5.

B. Sequential Linear Programming Starting from the Solution of the

Perturbation Algorithm

The optimization problem can be stated as shown in Eqs. (7), (15),
and (16). Minimize C� 1

2
UTKU subject to

Fig. 4 Shape of the 2-D hyper radial basis network.

‡Data available online at http://www.mathworks.com [retrieved 1 June
2008].
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XNe
j�1

�j 
 �req (15)

and

�j 
 1 for j� 1 to Ne (16)

where �req is the total volume of material to be retained andNe is the
number of elements in the FEA model.

The standard form of the LP problem is as follows: calculate x to
minimize fTx subject to Ax 
 B.

Hence, the objective and constraints in our compliance
minimization problem should be formulated to be compatible with
theLP formulation. The objective function can be reformulated using
Taylor’s series expansion for compliance up to the first order as
follows:

C� C0j 	
XNdv

i�1

@C

@xi
�xi � xi0� (17)

C� C0j �
XNdv

i�1

@C

@xi
xi0 	

XNdv

i�1

@C

@xi
xi (18)

where Ndv is the number of design variables. Specifically, Ndv � 6r
as stated earlier.

Note that the first two terms in Eq. (18) are constant and
independent of the new design. Hence, minimizing C in Eq. (18) is
same as minimizing Eq. (19):

C�
XNdv

i�1

@C

@xi
xi (19)

In matrix form,

C� �F�Tfxg (20)

where �F� � @C
@x

is the gradient of compliance evaluated at current
design x0 and has the dimension Ndv � 1, and x is a vector of the
design variables, that is, the HRBFN parameters, and has the
dimension Ndv � 1.

The constraint Eq. (15) can be formulated as follows:

XNe
j�1

�j 
 �req

Using Taylor’s series expansion and retaining only the first order
term,

XNe
j�1

�
�0j 	

XNdv

i�1

@�j
@xi
�xi � xi0�

�

 �req (21)

XNe
j�1

XNdv

i�1

@�j
@xi

xi 
 �req �
XNe
i�1

�0j 	
XNe
j�1

XNdv

i�1

@�j
@xi

xi0 (22)

In matrix form,

A1x 
 b1 (23)

where

A1 �
XNe
j�1

@�j
@x

is of the dimension 1 � Ndv, x is a vector of the design variables, that
is, the HRBFN parameters, and has the dimension Ndv � 1, and

b1 � �req �
XNe
j�1

�0j 	
XNe
j�1

XNdv

i�1

@�j
@xi

xi0

is of the dimension 1 � 1.
The constraint Eq. (16) can be formulated as follows:

�j 
 1

Using Taylor’s series expansion and retaining only the first order
term,

END

Choose starting design 0X

Set move limits LX
~

, UX
~

Perform FEA to evaluate compliance 

and get sensitivity 
0dX

dC

Converged 
Yes

No

0
0

>
αd

dC

Lii αα ~= ,

else

Uii αα ~=

Compute 
2

),,,,(ˆ ig
iiiejejij eYX

−=θαµρ

 Get [ ] rr
AAAA ×= 11111
ˆ...ˆˆˆ

21
, where ∑=

e

1
ˆˆ

N

j=1
ij

i
A ρ

Get [ ] rNijAA ×=
e

ˆˆ
2 ,

reqb ρ=1
ˆ  , { } 1N2 e

1ˆ
×=b

),,,(0 θαµwX =

Solve the following LP problem to get w

Minimize { }C
dw
dC T

, subject to bwA ˆˆ ≤

where =
2

1

ˆ

ˆ
ˆ

A

A
A =

2

1

ˆ

ˆ
ˆ

b

b
b

0
0

>
µd

dC

Lii µµ ~= ,

else

Uii µµ ~=

mediand
dC

d
dC >

00 θθ

Lii θθ ~= ,

else

Uii θθ ~=

Fig. 5 Perturbation algorithm.
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�0j 	
XNdv

i�1

@�j
@xi
�xi � xi0� 
 1 for j� 1 to Ne (24)

XNdv

i�1

@�j
@xi

xi 
 1 � �0j 	
XNdv

i�1

@�j
@xi

xi0 (25)

In matrix form,

A2x 
 b2 (26)

where A2 � @�
@x

is of the dimension Ne � Ndv, x is a vector of the
design variables, that is, the HRBFN parameters, and has the
dimension Ndv � 1, and

b2 � f1gNe�1 � �0j 	
XNdv

i�1

@�j
@xi

xi0

is of the dimension Ne � 1.
The constraint Eqs. (15) and (16) can together be put into matrix

form by combining Eqs. (23) and (26) as

A1

A2

� �
fxg 


�
b1
b2

�
(27)

Equations (20) and (27) represent the standard form for the LP
problem. This SLP problem can be solved using the commercial
optimization toolbox available withinMATLAB® andMOSEK,§ to
name a few.

V. Numerical Examples

Three examples are presented to demonstrate the advantages of
using the HRBFN as a TDF. Figure 6 (example 1) shows a cantilever
beam fixed at left edge and horizontal axial loading at themidpoint of
right edge. The objective is to get a minimum compliance design
using 40% of the total material. The first example uses a coarse finite
element analysis grid (8 � 4). Figure 7 shows the optimal topology
obtained by a traditional method (Sigmund [12]) using a filtering
scheme so that the top 40% of densities are retained. Figure 8 shows
the optimal location of the HRBFN bases. Figure 9 shows the
topology obtained by the proposed approach using 10 bases, the
same mesh size as that of the traditional method, and the same
filtering scheme. Figure 10 shows the unfiltered plot for the
traditional method. Figure 11 shows the result of the perturbation
algorithm, which serves as a starting point for sequential linear
programming.

It is evident that the filtered plot for the traditional method does not
provide a good idea about what the topology should look like. As
opposed to that, the proposed approach provides a correct
representation of the topology, and the topology is quite close to
being “manufacturable.” Note that the unfiltered plot for the
traditional topology shown in Fig. 10 gives some idea about what the
final topology should look like, but it is nowhere close to being
manufacturable. In more complicated structures, the unfiltered plots
might be difficult to interpret and may lead to incorrect designs. The
number of finite element analyses used for both the approaches was
fixed to be 40. The value of compliance for the HRBFN approach
was 1:4941 � 10�6, whereas the value of compliance for the
traditional approach was found to be 2:8384 � 10�6. Note that the
value of compliance in the case of the traditional method might
change significantly because the topology needs to be modified for
manufacturing. But, in the case of the HRBFN approach, the value of
compliance would remain more or less the same because the
topology obtained is close to being manufacturable.

The selection of the lower and upper bounds for the HRBFN
parameters is quite general and can be automated. The weight
parameter always lies between 0 and 1. The location parameter is

x

y 1Design domain 
Height = 10 units 

Length = 20 units 

Fig. 6 Boundary conditions and loading for example 1, which uses an

8 � 4 FEA mesh.

Fig. 7 Result of traditional SIMP topology optimization for example 1,

filtered.

0 5 10 15 20
0

2

4

6

8

10

y

x

Fig. 8 Optimized locations and shapes of HRBFN bases for example 1.
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x

Fig. 9 Result of HRBFN-based topology optimization for example 1.§Data available online at http://www.mosek.com [retrieved 1 June 2008].
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such that the network base can be located anywhere within the
rectangular area under consideration. The angle parameter is such
that it allows for any orientation of the network base. The width
parameter is such that the network base can span the entire
rectangular area under consideration. The lower and upper bounds on
theHRBFN parameters for the example presented are as follows. For
the weight parameter, wlow � 0 and whigh � 1 to ensure that the
maximum density at the peak point for that base does not exceed 1.
For the location parameter, ��1low � 0, ��1high � 20, ��2low � 0, and
��2high � 10, because a rectangular plate with a dimension of 20 units
in the x direction and 10 units in the y direction is considered. For the
width parameter, �1low � 0:5, �1high � 4, �2low � 2, and �2high � 40
to ensure that a network base is capable of spanning the entire breadth
of the rectangular plate. For the angle parameter, �low � 0 deg and
�high � 180 deg to ensure a network base can be oriented in any
direction.

The next two examples presented use different mesh sizes, a
different number of network bases, and complicated loading.
Figure 12 (example 2) shows a cantilever beam fixed at the left edge

and horizontal axial loading at the midpoint of the right edge. The
objective is to get a minimum compliance design using 40% of the
total material. Figure 13 shows the optimal topology obtained by the
traditionalmethod [12] using a 20 � 10mesh. The same problemwas
solved using the proposed HRBFN TDF approach using 15 bases
and the same mesh size. The number of bases to be selected is based
on the anticipated topology. Note that each base (represented by six
design variables) is capable of acting as a link in the final topology.
Hence, the number of bases used in the design process must be
greater than the maximum anticipated structural links in the final
design. Although 15 bases are not required, they demonstrate the
robustness of the proposed scheme. Some of these 15 bases are not
active (low values for the weight variable) in the final design.
Figure 14 shows the optimal locations and shapes of the bases
obtained by the proposed approach. Figure 15 shows the filtered
topology obtained by the proposed approach. The final topology
obtained is based on a fixed number of elements and bases. In
practical applications, a designer does not have the liberty to
iteratively increase the number of finite elements to guarantee
convergence to an exact topology. The size of the finite element

Fig. 10 Result of traditionalSIMPtopologyoptimization for example1,

unfiltered.

0 5 10 15 20
0

2

4

6

8

10

y

x

Fig. 11 Result of perturbation algorithm for HRBFN-based topology
optimization for example 1.

x

y 1
Design domain Height = 10 units 

Length = 20 units 

Fig. 12 Boundary conditions and loading for example 2, which uses a
20 � 10 FEA mesh.

Fig. 13 Result of traditionalSIMPtopologyoptimization forexample2,
unfiltered.
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Fig. 14 Optimized locations and shapes ofHRBFNbases for example 2.
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Fig. 15 Result of HRBFN-based topology optimization for example 2.
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model is governed mostly by the memory and time constraints and
the user’s intuition. Hence, the results presented are for a fixed mesh
size of 20 � 10.

Figure 16 shows a cantilever beam with complicated loading
compared with the previous example. The objective is to get a
minimum compliance design using 40% of the total material.
Figure 17 shows the optimal topology obtained by the traditional
method using a 20 � 10 mesh. Figure 18 shows the optimal basis
locations and shapes obtained by the proposed approach with 15
bases and the same mesh size. Figure 19 shows the filtered topology
obtained by the proposed approach.

VI. Conclusions

The application of theHRBFNas aTDF for topology optimization
was demonstrated. A robust optimization algorithm was developed
using perturbation and SLP. The algorithm was applied to solve
minimum compliance topology optimization problems with
encouraging results. The topologies obtained were free of
checkerboard patterns and close to being manufacturable, thus
demonstrating the potential of the proposed approach. An interactive
software tool that allows users to graphically change the HRBFN
parameters and, hence, the topology would further help satisfy exact
manufacturability criteria. The compliance (objective) values of the
topology manufactured would be quite close to the one obtained
from theoretical topology design. This would be useful in designing
topologies for sophisticated applications (e.g., compliant mecha-
nisms) for which the objective function values (e.g., the output
displacement of compliant mechanism) are critical. The application
of the HRBFN as a TDF for maximum natural frequency design and
the design of compliant mechanisms is under investigation. The
application of the HRBFN to postprocessing results from
commercial FEA software is under investigation, and we plan to
present the results in a future paper.
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